
Íåïðåðûâíûé ñïåêòð ë¼ãêèõ àòîìíûõ ÿäåð îñòà¼òñÿ èíòåðåñíîé è

âàæíîé ïðîáëåìîé, óæå ìíîãî ëåò ïðèâëåêàþùåé âíèìàíèå òåîðåòèêîâ

è ýêñïåðèìåíòàòîðîâ. Îáüÿñíåíèå òîìó ïðîñòîå. Ýòè ÿäðà, êàê ïðàâèëî,

èìåþò ëèøü íåáîëüøîå ÷èñëî ñîñòîÿíèé äèñêðåòíîãî ñïåêòðà. Ïîäàâëÿþùåå

÷èñëî èõ âîçáóæä¼ííûõ ñîñòîÿíèé íàõîäèòñÿ â íåïðåðûâíîì ñïåêòðå.

Ïðèíöèïèàëüíûå òðóäíîñòè, âîçíèêàþùèå ïðè èññëåäîâàíèè íåïðåðûâíîãî

ñïåêòðà, áûëè ïðåîäîëåíû ñîòðóäíèêàìè íàøåãî îòäåëà. Îäíàêî çàäà÷è

ïîñòåïåííî óñëîæíÿþòñÿ è òðåáóåòñÿ ðàçâèòèå íîâûõ ïîäõîäîâ, óïðîùàþùèõ

èñïîüçîâàíèå óæå íàéäåííûõ ïðè¼ìîâ è ñîçäàþùèõ óñëîâèÿ äëÿ èçó÷åíèÿ

âñ¼ áîëåå ñëîæíûõ ÿäåðíûõ ñèñòåì.

Òåì, êòî õîòåë áû ó÷àñòâîâàòü â èññëåäîâàíèè íåïðåðûâíîãî ñïåêòðà

ë¼ãêèõ ÿäåð, ïðåäëàãàåòñÿ íåñêîëüêî çàäà÷, ðåøåíèå êîòîðûõ ïîìîãëî

áû ïðîíèêíóòü â "òàéíû"ìåòîäà, ïðåäëîæåííîãî ñîòðóíèêàìè îòäåëà

ñòðóêòóðû àòîìíûõ ÿäåð. Â çàäà÷àõ, ïðåäñòàâëåííûõ äàëåå, ìàêñèìàëüíî

óïðîùàþòñÿ ðåàëüíûå óñëîâèÿ, íî òàê, ÷òî ïðèíöèïèàëüíûå îñîáåííîñòè

ÿäåðíûõ ñèñòåì ñîõðàíÿþòñÿ.

Ìû áóäåì ðàññìàòðèâàòü îäíîìåðíîå óðàâíåíèåØðåäèíãåðà ñ ïîòåíöèàëüíîé

ýíåðãèåé ïðèòÿæåíèÿ ãàóññîâñêîãî òèïà:{
−1

2

d2

dx2
− exp(−αx2)

}
Ψ(x) = EΨ(x);

1

2

d2

dx2
= T̂ , − exp(−αx2) = ˆV (x).
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Âìåñòî òîãî, ÷òîáû ðåøàòü äèôôåðåíöèàüíîå äëÿ âîëíîâîé ôóíêöèè

Ψ(x) óðàâíåíèå, ìû ïðåäñòàâèì ýòó ôóíêöèþ â âèäå ðÿäà - ðàçëîæåíèÿ

ïî ïîëèíîìàì Ýðìèòà

Ψ(x) =
∞∑
n=0

Cnψn(x), ψn(x) =
1√

22n!
√
π
Hn(x) exp

(
−x

2

2

)

è ñâåä¼ì çàäà÷ó ê ñèñòåìå àëãåáðàè÷åñêèõ óðàâíåíèé äëÿ êîýôôèöèåíòîâ

ðàçëîæåíèÿ Cn.

Âîïðîñû:

1. Íàéòè ìàòðè÷íûå ýëåìåíòû îïåðàòîðà êèíåòè÷åñêîé ýíåðãèè

< n|T̂ |ñ > .

Îòâåò:

Â åäèíèöàõ

~2

mr20
,

ãäå r0 - îñöèëëÿòîðíûé ðàäèóñ,

< 2n|T̂ |2ñ− 2 >= −
√

2n(2n− 1)

4
, < 2n|T̂ |2ñ >= n+

1

4
,

< 2n|T̂ |2ñ+ 2 >= −
√

(2n+ 2)(2n+ 1)

4
.
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2. Ñ ïîìîùüþ ïðîèçâîäÿùåé ôóíêöèè äëÿ ïîëèíîìîâ Ýðìèòà íàéòè

ìàòðè÷íûå ýëåìåíòû îïåðàòîðà ïîòåíöèàëüíîé ýíåðãèè

< 2n|V̂ (x)|2ñ > .

Îòâåò:

< 2n|V̂ (x)|2ñ >= V0z
1/2(−1 + z)n+ñ

√
(2n− 1)!!(2ñ− 1)!!

(2n)!!(2ñ)!!
2F 1

{
−n,−ñ; 1

2
;

(
z

1− z

)2
}
,

ãäå

1

z
= 1 +

r20
b20
,

r0 - îñöèëëÿòîðíàÿ äëèíà, à b0 - ðàäèóñ ãàóññîâñêîãî ïîòåíöèàëà.

3. Îáúÿñíèòü, êàê âûâîäèòñÿ ñèñòåìà óðàâíåíèé

∞∑
ñ

< n|Ĥ|ñ > Cñ = ECn, Ĥ = T̂ + V̂ ; n = 0, 1, 2, 3, ...

4. Ïîêàçàòü, ÷òî ïðè n≫ 1 óðàâíåíèÿ äëÿ êîýôôèöèåíòîâ C2n óïðîùàþòñÿ

è ïðèíèìàþò âèä

4n+ 1

4
(C2n−2 − 2C2n + C2n+2)−

1

2
(C2n+2 − C2n−2)−

1

4

1

4n+ 1
C2n + 2EC2n = 0.

5. Ïðîñëåäèòü çà òåì, êàê ïîñëåäíåå óðàâíåíèå ñòàíîâèòñÿ äèôôåðåíöèàëüíûì

óðàâíåíèåì âòîðîãî ïîðÿäêà(
4n+ 1

4

d2

dn2
− d

dn
− 1

4

1

4n+ 1
+ 2E

)
C(n) = 0,
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è ïîêàçàòü, ÷òî ðåøåíèÿìè ýòîãî óðàâíåíèÿ ÿâëÿþòñÿ ôóíêöèè Áåññåëÿ

è Íåéìàíà - J1/2(
√

2E(4n+ 1)) è N1/2(
√
2E(4n+ 1)).

Ðåçóëüòàò ýòîãî àíàëèçà - ÿâíûé âèä êîýôôèöèåíòîâ C(n) ïðè áîëüøèõ

çíà÷åíèÿõ n.

6. Óðàâíåíèå Øðåäèíãåðà â êîîðäèíàòíîì ïðåäñòàâëåíèè

{
−1

2

d2

dx2
− exp(−αx2)

}
Ψ(x) = EΨ(x)

ïî ìåðå óâåëè÷åíèÿ |x| óïðîùàåòñÿ è ñ òî÷íîñòüþ äî ýêñïîíåíöèàëüíî

ìàëûõ âåëè÷èí ñòàíîâèòñÿ âîëíîâûì óðàâíåíèåì ñâîáîäíîãî äâèæåíèÿ

−1

2

d2

dx2
Ψ(x) = EΨ(x).

Â äèñêðåòíîì ïðåäñòàâëåíèè (èíîãäà åãî íàçûâàþò ýíåðãåòè÷åñêèì ïðåäñòàâëåíèåì)

â ñèëó ïðèíöèïà ñîîòâåòñòâèÿ ìåæäó äèñêðåòíûì è êîíòèíóàëüíûì ïðåäñòàâëåíèÿìè

äîëæíî ïðîèñõîäèòü òî æå ñàìîå è ïîòîìó â ïðåäåëå áîëüøèõ çíà÷åíèé

n ñëåäóåò îæèäàòü ïðåäåëüíûé ïåðåõîä îò óðàâíåíèé

∞∑
ñ

< n|Ĥ|ñ > Cñ = ECn

ê óðàâíåíèÿì

∞∑
ñ

< n|T̂ |ñ > Cñ = ECn.
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Èñïîëüçóÿ ïîëíîòó áàçèñà ïîëèíîìîâ Ýðìèòà è ïîâåäåíèå ïîëèíîìîâ

Ýðìèòà ïðè n ≫ 1, ïîêàçàòü, ÷òî ýòîò ïðåäåëüíûé ïåðåõîä ñïðàâåëèâ

òàêæå ñ òî÷íîñòüþ äî ýêñïîíåíöèàëüíî ìàëûõ âåëè÷èí, åñëè òîëüêî

îñöèëëÿòîðíàÿ äëèíà ìíîãî ìåíüøå ðàäèóñà âçàèìîäåéñòâèÿ íóêëîíîâ.

Äëÿ ðåøåíèÿ ïîñëåäíåé çàäà÷è óìåñòíî èñïîëüçîâàòü ñëåäóþùèå ôîðìóëû.

Âî-ïåðâûõ, óñëîâèå ïîëíîòû.

∞∑
ñ=0

ψ2ñ(x)ψ2ñ(x
′) =

1

2
δ(x− x′);

Âî-âòîðûõ, âîëíîâóþ ôóíêöèþ ñâîáîäíîãî äâèæåíèÿ.

Ψ(x) = sin
√
2Ex+ tan δ cos

√
2Ex.

Íàêîíåö, ïðåäåëüíîå ñîîòíîøåíèå ïðè n≫ 1.

ψ2n(x) = ψ2n|x|1/2
1

|x|1/2
→ δ(|x| −

√
4n+ 1)

1
4
√
4n+ 1

.

< 2n|V |2ñ >=
∫

ψ2n(x)V (x)ψ2ñdx.

1

2

∫
ψ2n(x)V (x)Ψ(x)dx. =

1

2

∫
ψ2n(x)|x|1/2

1

|x|1/2
V (x)Ψ(x)dx =

=

∫
δ(
√
4n+ 1− |x|) 1

|x|1/2
V (x)Ψ(x)dx =
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=

∫
δ(
√
4n+ 1− x)V (x)dx

{
sin

√
2E

√
4n+ 1

4
√
4n+ 1

+ tgδ
cos

√
2E

√
4n+ 1

4
√
4n+ 1

}

V (x) = exp

(
− r20
b20
x2
)
; ψ2n(x) =

1√
22n(2n)!

√
π
H2n(x) exp

(
−x

2

2

)
.

Âñå ïðåäëîæåííûå óïðàæíåíèÿ ìîãóò íàó÷èòü òåõ, êòî õîòåë áû íàó÷èòüñÿ,

ñâîäèòü ïîñòàâëåííóþ çàäà÷ó ê ìàêñèìàëüíî ïðîñòîé, ñîõðàíèâ å¼ ãëàâíîå

ñîäåðæàíèå â óñëîâèÿõ, êîãäà âûâîäû ñòàíîâÿòñÿ ïðîçðà÷íûìè è ïîíÿòíûìè

äàæå äëÿ "÷åëîâåêà ñ óëèöû".

Äîïîëíèòåëüíûå âîïðîñû è çàìå÷àíèÿ.

1. Ïðîèçâîäÿùàÿ ôóíêöèÿ äëÿ ïîëèíîìîâ Ýðìèòà:

1

π1/4
exp

{
−x

2

2
+
√
2Rx− R2

2

}
=

∞∑
n=0

1√
n!
Rn 1√

2nn!
√
π
Hn(x) exp

(
−x

2

2

)
.

Ýòà ïðîèçâîäÿùàÿ ôóíêöèÿ êàæäîìó èç ïîëèíîìîâ Ýðìèòà

1√
2nn!

√
π
Hn(x) exp

(
−x

2

2

)
ñòàâèò â ñîîòâåòñòâèå åãî îáðàç

1√
n!
Rn, R =

1√
2
(ξ + iη),

îïðåäåë¼ííûé â ïðîñòðàíñòâå Ôîêà-Áàðãìàííà. Ïîêàçàòü, ÷òî∫ ∞

−∞

∫ ∞

−∞

1

n!
RnSn exp (−RS) dξdη

2π
= 1, S =

1√
2
(ξ − iη).
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Â òàêîì ñëó÷àå îáû÷íî ãîâîðÿò, ÷òî èíòåãðèðîâàíèå âûïîëíÿåòñÿ ñ ìåðîé

Áàðãìàííà. Íåñîìíåííî, îáðàç ïðîùå îðèãèíàëà, à åãî çàìå÷àòåëüíàÿ

îñîáåííîñòü ñîñòîèò â òîì, ÷òî îí ÿâëÿåòñÿ öåëîé àíàëèòè÷åñêîé ôóíêöèåé

êîìïëåêñíîé ïåðåìåííîé R.

Ïðîèçâîäÿùóþ ôóíêöèþ ìîæíî ðàññìàòðèâàòü â êà÷åñòâå ÿäðà èíòåãðàëüíîãî

ïðåîáðàçîâàíèÿ, îñóùåñòâëÿþùåãî ïåðåõîä îò êîîðäèíàòíîãî ïðåäñòàâëåíèÿ

ê ïðåäñòàâëåíèþ Ôîêà-Áàðãìàííà. Â ñâîþ î÷åðåäü ÿäðîì îáðàòíîãî ïðåîáðàçîâàíèÿ,

âîññòàíàâëèâàþùåãî îðèãèíàë ïî åãî îáðàçó, ÿâëÿåòñÿ âûðàæåíèå

1

π1/4
exp

{
−x

2

2
+
√
2Sx− S2

2

}
=

∞∑
n=0

1√
n!
Sn 1√

2nn!
√
π
Hn(x) exp

(
−x

2

2

)
.

Íåðåäêî ýòî ÿäðî, êàê è ÿäðî ïåðåõîäà îò îðèãèàëà ê èçîáðàæåíèþ,

íàçûâàþò ìîäèôèöèðîâàííîé îðáèòàëüþ Áëîõà-Áðèíêà.

×òîáû ïðèâûêíóòü ê ãèïåðãåîìåòðè÷åñêîé ôóíêöèè è ïðîâåðèòü ðàñ÷¼òû,

ïðîâîäèìûå ñ íåé, ìîæíî èñïîëüçîâàòü óïðîùåíèå, âîçìîæíîå â ñëó÷àå,

êîãäà z = 1/2, à

(
z

1− z

)2

= 1.

Â ýòîì ñëó÷àå

2F 1

{
−n,−ñ; 1

2
;

(
z

1− z

)2
}

= 2F 1

{
−n,−ñ; 1

2
; 1

}
=

Γ(1/2)Γ(n+ ñ+ 1/2)

γ(n+ 1/2)Γ(ñ+ 1/2)
.
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Òîãäà äëÿ z = 1/2 ñïðàâåëèâî òàêîå âûðàæåíèå

< 2n|V̂ |2ñ >= V01
√
2

(
−1

2

)n+ñ
√

(2n− 1)!!(2ñ− 1)!!

(2n)!!(2ñ)!!

Γ(1/2)Γ(n+ ñ+ 1/2)

γ(n+ 1/2)Γ(ñ+ 1/2)
.

È íîâîå âûðàæåíèå è ñòàðîå äîëæíû äàòü îäèíàêîâîå çíà÷åíèå ìàòðè÷íîãî

ëåìåíòà, åñëè z = 1/2.

Íåêîòîðûå îáùèå ïîëîæåíèÿ, êàñàþùèåñÿ ïðåñòàâëåíèÿ Ôîêà-Áàðãìàííà.

Ñîáñòâåííàÿ ôóíêöèÿ îïåðàòîðà êîîðäèíàòû x̂ â ïðåäñòàâëåíèè Ôîêà-

Áàðãìàííà:

Ψx(R) =
1

π1/4
exp

{
−x

2

2
+
√
2Rx− R2

2

}
.

Îíà æå ÿâëÿåòñÿ ïðîèçâîäÿùåé ôóíêöèåé äëÿ îðòîíîðìèðîâàííîãî áàçèñà

îäíîìåðíîãî ãàðìîíè÷åñêîãî îñöèëëÿòîðà â êîîðäèíàòíîì ïðåñòàâëåíèè,

ò.å.

Ψx(R) =
∞∑
n=0

1√
n!
Rn 1√

2nn!
√
π
Hn(x) exp

(
−x

2

2

)
.

Îïåðàòîð êîîðäèíàòû

x̂ =
1√
2

(
∂

∂R
+R

)
.

Ñîáñòâåííàÿ ôóíêöèÿ îïåðàòîðà èìïóëüñà k̂ â òîì æå ïðåäñòàâëåíèè:

Ψk(R) =
1

π1/4
exp

{
−k

2

2
+ i

√
2Rk +

R2

2

}
.
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Â òî æå âðåìÿ îíà ÿâëÿåòñÿ ïðîèçâîäÿùåé ôóíêöèåé äëÿ îðòîíîðìèðîâàííîãî

áàçèñà îäíîìåðíîãî ãàðìîíè÷åñêîãî îñöèëëÿòîðà â èìïóëüñíîì ïðåäñòàâëåíèè:

Ψk(R) =
∞∑
n=0

1√
n!
Rn in√

2nn!
√
π
Hn(x) exp

(
−x

2

2

)
.

Îïåðàòîð èìïóëüñà

k̂ = −i 1√
2

(
∂

∂R
−R

)
.

Óáåäèòüñÿ â òîì, ÷òî

x̂Ψx(R) = xΨx(R); k̂Ψk(R) = kΨk(R).

Êàê íîðìèðîâàíû ôóíêöèè Ψx(R) è Ψk(R)? Ïîêàçàòü, ÷òî∫ ∞

−∞

∫ ∞

−∞
Ψx′(S)Ψx(R) exp(−RS)

dξdη

2π
= δ(x− x′);

∫ ∞

−∞

∫ ∞

−∞
Ψk′(S)Ψk(R) exp(−RS)

dξdη

2π
= δ(k − k′).

Ïðîèçâîäÿùèé ìàòðè÷íûé ýëåìåíò äëÿ ïàðöèàëüíûõ ìàòðè÷ûõ ýëåìåíòîâ

îïåðàòîðà ïîòåíöèàëüíîé ýíåðãèè ãàóññîâñêîãî âçàèìîäåéñòâèÿ â êîîðäèíàòíîì

ïðåäñòàâëåíèè.

Ψx(S)V̂ (x)Ψx(R) = V0
1

π1/2
exp

{
−1

z
x2 +

√
2(R + S)x− R2

2
− S2

2

}
.

∫ ∞

−∞
Ψx(S)V̂Ψx(R)dx = V0z

1/2 exp

{
zRS − 1− z

2
(R2 + S2)

}
=
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=
∞∑
n=0

∞∑
ñ=0

V0z
1/2(−1 + z)n+ñ

√
(2n− 1)!!(2ñ− 1)!!

(2n)!!(2ñ)!!
2F 1

{
−n,−ñ; 1

2
;

(
z

1− z

)2
}
×

× 1√
(2n)!

R2n 1√
(2ñ)!

S2ñ + ...;
1

z
= 1 +

r20
b20
.

Ïîòåíöèàë Ãàóññà â èìïóëüñíîì ïðåäñòàâëåíèè:

V̂ (k) = V0
b0√
2r0

exp

{
− b20
4r20

k2
}
;

1

z̄
= 1 +

b20
4r20

.

Ïðîèçâîäÿùèé ìàòðè÷íûé ýëåìåíò äëÿ ïàðöèàëüíûõ ìàòðè÷ûõ ýëåìåíòîâ

îïåðàòîðà ïîòåíöèàëüíîé ýíåðãèè ãàóññîâñêîãî âçàèìîäåéñòâèÿ â èìïóëüñíîì

ïðåäñòàâëåíèè.

Ψk(S)V̂ (k)Ψk(R) = V0
1

π1/2

b0√
2r0

exp

{
−1

z̄
k2 + i

√
2(R− S)k +

R2

2
+
S2

2

}
.

∫ ∞

−∞
Ψk(S)V̂ (k)Ψk(R)dx = V02

1/2
√
1− z̄ exp

{
z̄R̄S̄ − 1− z̄

2
(R̄2 + S̄2)

}
=

=
∞∑
n=0

∞∑
ñ=0

V0
√
1− z̄21/2(−1 + z̄)n+ñ

√
(2n− 1)!!(2ñ− 1)!!

(2n)!!(2ñ)!!
2F 1

{
−n,−ñ; 1

2
;

(
z̄

1− z̄

)2
}
×

× 1√
(2n)!

R̄2n 1√
(2ñ)!

S̄2ñ + ....; R̄ = iR; S̄ = −iS.

Êîíå÷íî,

< 2n|V̂ (k)|2ñ >= V0
√
1− z̄21/2(−1 + z̄)n+ñ

√
(2n− 1)!!(2ñ− 1)!!

(2n)!!(2ñ)!!
×
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×2F 1

{
−n,−ñ; 1

2
;

(
z̄

1− z̄

)2
}
.

Çàñëóæèâàåò âíèìàíèÿ ÷àñòíûé ñëó÷àé, êîãäà

z̄ =
1

2

è ñóùåñòâåííî óïðîùàåòñÿ ãèïåðãåîìåòðè÷åñêàÿ ôóíêöèÿ. Å¼ àðãóìåíò

òîãäà ñòàíîâèòñÿ ðàâíûì åäèíèöå.

Òåïåðü ìàòðè÷íûå ýëåìåíòû îïåðàòîðà êèíåòè÷åñêîé ýíåðãèè:

T̂ (k)
1√
(2n)!

R̄2n = −1

4

(
∂

∂R̄
− R̄

)2
1√
(2n)!

R̄2n =

= −2n(2n− 1)

4

1√
(2n)!

R̄2n−2 +

(
n+

1

4

)
1√
(2n)!

R̄2n − 1

4

1√
(2n)!

R̄2n+2.

< 2n|T̂ (k)|2n− 2 >= −
√

2n(2n− 1)

4
; < 2n|T̂ (k)|2n >= n+

1

4
;

< 2n|T̂ (k)|2n+ 2 >= −
√
(2n+ 2)(2n+ 1)

4
.
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